Math 247A Lecture 21 Notes

Daniel Raban

February 26, 2020

1 Estimates on the Littlewood-Paley Square Function and
the Fractional Product Rule

1.1 Estimates on the Littlewood-Paley square function

Theorem 1.1 (Littlewood-Paley square function estimate). Let f € S(RY) and define the

square function
S(f) =D 1l

SOy ~p [1£llp V1 <p < oo

Proof. Let {Xn}ncoz be iid random variables with X,, = 1 with equal probability, and
define the random variable mx(§) = Y X,¥n(§). Last time, we showed that mx is a
Mikhlin multiplier, uniformly in the choice of X. This holds even if we replace 1 be
another C2°(R?\ {0}) function. Now

mi o« f= Y Xnfw.
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Then

By Kinchine’s inequality,

E(lm * fIP1V? ~ (/D fnl2 ~p S(f).

Now
IS ~ [ Bl » P (@) de
~5 | [k e ds|

lIm«fllp

S Ell A1)

1



S 11

Again, note that this holds for any C°(R?\ {0}) function in place of .
To prove the reverse inequality, we argue by duality and use the generality under which
we proved the first inequality. We say

1fllp= sup (f,9)

lgllr=1

= sup <Z Py f, g>

lglly=1
Since ﬁNPN = Py and ﬁn is self-adjoint,
= sup > (Pnf,Png)
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Using Holder,

<|S(f Ip|| S”up1 ‘/Z\PNQIZ
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Replacing 1 by 9(&) = 1(2€) + (&) + ¥(£/2) € C°(R%\ {0}) in the previous argument,

we get
‘/ > 1Pngl|| Sllglly S 1 -

Corollary 1.1. Fiz 1 <p < oco. Then

1. Whenever s > —d and f € S(R?) (or s € R and fe C®(R\ {0})),

> N[ fy|?
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2. For s >0 and f € S(RY),

VISl ~p

D N fonf?
p

Proof.



1. Let’s show that H’/Z NQS\fNPH < IV[*£llp. We have
p

S ON|fNP =D NPV TV i)
= IN*|V| " Pn (VI £)P

Replacing by X(€) = g (€) € C2(RU\{0} and v by xv(€) = (g ) 4w (&),
we get
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To prove the reverse inequality, we argue by duality:

IVIfllp = sup (IVI*f,9)

gl =1
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lgll,y=1"x

— sup Z<N8fN,N*S\V|815Ng>
gl =15

Recall that F = {h € S(R?) : T vanishes in a nbhd of 0} is dense in L. So we can
always take g to be in this family. So

[N RO SECTARY) SN
g

gl =1

VDN

S ‘

o [ /SSN VI Pl

pllglly=1

p

Replacing ¢ by

XO = AT, xnl© = (T Inee),

we get
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2. We claim that > N%|fsy|? ~ Y N?%| fy|?. We have
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By paying a factor of 2, we can assume N < Ns.

<2 Z st‘fN1"|fN2‘
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By Cauchy-Schwarz,
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On the other hand,

lIN] = |fon = foon| < |fonfoon].

So
STNENP SN fonl + 272 (2N) % foon]?
N

N N
S ON|fanl O
N

1.2 The fractional product rule

Theorem 1.2 (Fractional product rule, Christ-Weinstein, 1991). Fiz s > 0 and 1 <
P, P1,P2,4q1,q2 < OO,. Then

VG S MVE Fllpllglos + 1l + VI gllg,-

1 1 1 1 1
P =4 - == 4 =
wheneve 5= pr + T + -

Remark 1.1. ps and ¢; are allowed to be oco.

We really should only be proving this for 0 < s < 1, since for integers, we can just use
the regular product rule and then look at the fractional part.

Proof. We have

VP ()l ~ \/ZN2S|PN<fg>P
N
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We write fg = f>n/a9 + [>N/a9>N/a + f<N/a9<nja, SO

Pn(fg9) = Pn(f>n/a9) + PN (fsn/ag>na) +WO
This gives
PN (f9)l S M(f>n/a9) + M(f<n/ag>nya)
S M(f>nja9) + M((Mf)g>nya)-
So we get

D ONZIPN(fo)P S Y IMUN fanya)a)l + Y (M) - Nogznya)

which gives

VS NEPY () S /S0 M fony)a) 24+ S Nogana)l.

So we get

IV E o)l < H\/N2s|sz/4|2g

By the corollary,
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